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Abstract 

We investigate the properties of the Wick square of Gaussian white noises 
through a new method to perform non linear operations on Hida distributions. 

This method lays in between the Wick product interpretation and the usual def¬ 
inition of nonlinear functions. We prove on ltd-type formula and solve stochastic 
differential equations driven by the renormalized square of the Gaussian white 
noise. Our approach works with standard assumptions on the coefficients of the 
equations, Lipschitz continuity and linear growth condition, and produces exis¬ 
tence and uniqueness results in the space where the noise lives. The linear case is 
studied in details and positivity of the solution is proved. 
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1 Introduction 

The Gaussian white noise {VB}t>o is a generalized process that can be formalized 
as the distributional time derivative of a standard one dimensional Brownian motion 
One way to define its square is through the so-called Wick renormalization 

wr- := lim(IU')" - E\(Wt)'‘] (1,1) 


where is a smooth approximation of the white noise Wt and the limit is interpreted 
in a suitable distributional sense. This object appears naturally in different contexts. 
For instance, in the paper [26] the author considered gradient operators on the classical 
Wiener space along directions that do not belong to the Gameron-Martin space and 
obtained among other things the following integration by parts formula 


E[DbF{B)] = E E{B) 


W°^dt 


( 1 . 2 ) 
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where F{B) is a functional of the Brownian path belonging to a certain class of regularity 
and Db denotes differentiation along the direction B, i.e. DbF{B) := lim 5 _j,o 
One encounters quantities like (11.111 also in connection with Ito-type formulas for solu¬ 
tions to certain stochastic partial differential equations. More precisely, consider the 
stochastic heat equation driven by an additive Gaussian space-time white noise (see 

m) 

dtu{t,x) = ^d^xu(t,x)+ Wtx, t>0, a:e[0,l], (1.3) 


with initial condition n(0,a:) = 0 and homogeneous Dirichlet boundary conditions . It 
was proved in [25] (see also na.iisi) that, if {n(t, x)}t>o,xe[o,i] denotes the unique (weak) 
solution to (II.3p . then for any I G (^^(jO, 1[) one has 

{u{s, •)^ nds + 2 f\u{s, •), IdWs) + {E[u{t, •)'],/) 

Jo 

{{dx;u{s,-)y‘^,l)ds 

where (•, •) denotes the inner product in /1^([0,1]). The term {dxu{s, x))*^ in the previous 
equality is analogous to the one in (11. ip since dxu{t, x) is a generalized Gaussian held. 
The existence of limits of the type (11.11) has also been considered in [20] where the 
authors investigated the almost sure existence of the limit 


(n (^,•)^0 = 


lim 

S —^0 





g{t)dt 


where {Xt}t>o is a Gaussian process with a covariance satisfying certain assumptions 
(not satished by the standard Brownian motion), k > 0 and is a bounded and mea¬ 
surable function with compact support. Observe that for Xt = Bt, k = 2 and g = l[o,i] 
the above limit would correspond to the integral in the right hand side of (II.2p . 

We also mention the paper [T] where the problem of dehning powers of Gaussian white 
noises is taken from the point of view of quantum probability. 

The analogy between (II.2p and the usual integration by parts formula from the Malliavin 
calculus ([22]) 


E[DgF{B)] = E EiB) / g\s)dBs 


where g is a deterministic absolutely continuous function, suggests that the quantity 
fo W^'^dt or more generally the process t i— W^^ds plays in the differential calculus 
associated to the gradient Db (from (ll.2p l the role played by f^Wgds = Bt in the 
classical Malliavin calculus. There is however a major difference in these situations: the 
fact that f* Wg^ds is a generalized process (more precisely, a Hida distribution) and 
therefore the question of hnding ltd type formulas or studying stochastic differential 
equations driven by that process is far from being obvious. 

Gonsider for instance equations of the type 

flY 

= h{Yt) + a{Yt) • Wf 
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(1.4) 
















for suitable measurable coefficients b and a. First of all, note that for b = 0 and cr = 1 
equation fll.dp is solved hj Yt = Yq + W^'^ds which is a Hida distribution. Therefore, 
one cannot expect the solution to fll.dp to be more regular than that. This fact implies 
the necessity to give a meaning to the nonlinear terms appearing in (ll.dh and to the 
multiplication between (j(Yt) and One possibility is to interpret all the nonlinear 

terms in the Wick-product sense (see [13] and the references quoted there), that means 
to replace equation fll.4p with 

^ + a^Z,) o IVf (1.5) 

(we refer to the next sections for precise dehnitions). However, this procedure has at 
least two important drawbacks: hrstly, to dehne b^{Zt) and one needs the ana- 

lyticity of the functions b and a; secondly, the solution to (II.5p usually exists in spaces 
that are much bigger than the one where the noise lives (such as the Kondratiev spaces). 
Moreover, from a modeling point of view, solutions to equation fll.Sp may exhibit behav¬ 
iors that differs from what is expected to happen for solutions to fll.4p (see for instance 
0 ). 

Our aim in this paper is to introduce a new method to dehne nonlinear operation on 
Hida distributions. This method lays in between the Wick product interpretation fll.Sp 
and the usual dehnition of nonlinear functions fll.4p . Our approach requires standard 
assumptions on the coefficients of the stochastic equations considered (Lipschitz conti¬ 
nuity and linear growth condition) and produces existence and uniqueness results in the 
space where the noise lives. 

In the recent years, renormalization techniques for solving stochastic (partial) differen¬ 
tial equations have attracted the attention of many authors (see 0,0,0,01,1111 and 
the references quoted there). The common basic idea in these references is to smooth 
the noise, solve the corresponding equation and then try to compute the limit of the 
solution as the degree of regularization of the noise decreases (the existence of a non 
trivial limit usually requires a renormalization of the coefficients of the original equa¬ 
tions). The way we treat nonlinear functions of distributions and solve related stochastic 
differential equations follows the same principle: the only technical difference is that we 
choose a specihc regularizing procedure for the noise and then, once we have solved the 
regularized equation, we apply to it the inverse of the regularizing map utilized before 
(instead of letting a parameter tend to zero) (see Remark 15.61 below). Our procedure 
deeply depends on the adopted smoothing map but this is intrinsically connected with 
the construction of the Hida distribution space which is the natural accommodation of 
the noise. We do not know whether the equations we consider can be handled with 
the recent theory of regularity structures ([n]) ; certainly, the points of view of the two 
approaches are different in the fact that our notion of distribution is related to the prob¬ 
ability space where the noise is dehned and not to the state space of the time parameter 
describing the processes. 

The paper is organized as follows: Section 2 is a quick review of the minimal back¬ 
ground material needed to treat our problem; Section 3 introduces and describes our 
new method of performing non linear operations on Hida distributions while in Section 
4 and 5 we apply these concepts to deduce an Ito-type formula and a theorem on ex¬ 
istence and uniqueness for solutions to stochastic differential equations driven by the 
renormalized square of the Gaussian white noise, respectively; hnally, in Section 6 we 
propose few by-products of the introduced concepts. 
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2 Framework 

The aim of this section is to briefly set up the framework utilized to prove our main 
results. For more details we refer the interested reader to one of the books na, na, 
na or to the paper where many technical issues are usefully spelled out. 

Let (n, T, V) be a complete probability space endowed with a standard one dimensional 
Brownian motion and denote by hs augmented natural hltration. Write 

Q to denote the smallest sigma-algebra containing all the for f > 0. According to 
the Wiener-ltd chaos decomposition theorem any X G C‘^{Q,Q ,V) ((L^) for short) can 
be uniquely represented as 


X = J2ln{hn) ( 2 . 1 ) 

n>0 

where G ) is a symmetric function and In{hn) stands for the n-th order multiple 

ltd integral of with respect to the Brownian motion {Bt}t>o- Observe that from fl2.ll) 
one gets 


ElX^] = 

n>0 


(here E[-] denotes the expectation on the probability space For r G [l,-|-oo] 

we also set (L*”) := C^{Q,Q,V), the classic Lebesgue spaces over the measure space 

{n,g,v). 

We are now going to introduce the Schwartz space over R_|_ and an analogous class of 
smooth random variables. Consider the differential operator 


. d d 1 ^ 

A := -|- -t -|- 1 

dt dt 4 


acting on a subset of £^(M_|_) and recall that for any k > 0 one has 


AeA:=(fc+^)efc (2.2) 

where {^a:}a:>o is the complete orthonormal system in £^(M+) formed by the Laguerre 
functions. For p > 0 define Sp to be the Hilbert space of functions in £^(M+) such that 


\f\p ■— |A^/|£2(k_^) < -fCX) 

(for consistency we will denote from now on the norm | ■ with the symbol 

It is clear from (12.2p that for p < g one has Sq C Sp] one can then prove that 


p>0 


endowed with the projective limit topology, coincides with the Schwartz space over M+ 
of inhnitely differentiable functions that vanish, together with all their derivatives, at 
-I-CX3 faster than any inverse power (see HI)- The dual space of S, denoted by S', is 
the space of tempered distributions over M_|_ and it can be represented as the union of 
the spaces S^p for p > 0. One of its most representative elements is the Dirac delta 
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distribution 6t, t > 0. The dual pairing between S' and S will be denoted by (•, •). 

We now lift this construction to the space (T^); more precisely, for X = J2n>o^n{hn) 
and p > 0 let 

TiAP)X 

n>0 

and dehne (Sp) to be the Hilbert space of those X’s such that 

< H-oo. 

n>0 

The space 

(S) := fl(S,) 

p>0 

endowed with the projective limit topology is called Hida test function space. Its dual 
{Sy, the Hida distribution space., accommodates the white noise Wt := ^ which can 
be represented as Wt := Ii{dt). We will write ((•,•)) for the dual pairing between {S)* 
and {S). For / e £^(R+) set 

£(/) -exp {;,(/)-M}. 

It is easy to prove that £{f) G {S) for / G S' and that 

{{X,S{f))) = {{Y,S{f))), forall/G^ 
implies X = Y in (S)*. The map 

f^{SX){f)-.= {{X,S{f))) 

is called S'-transform of X G (S')*. The celebrated characterization theorem ([I2]) pro¬ 
vides a necessary and sufficient condition for the invertibility of the S'-transform: let 
/ G S' I—)■ F{f) G M be a measurable function such that 

• for all f,gES the function x G M —)■ F{f + xg) has an entire analytic extension 
to the complex plane (denoted with the same symbol); 

• there exist positive constants K,p such that for any / G S' and z E C one has 
|F(.V)| < A'exp{^|/|3. 

Then there exists X G (S')* such that (S'X)(/) = F{f). If these conditions are met for 
the function 

f S{Xt){f)dt 

J a 

we will say that the process {Xt}t>o is Pettis integrable in (S')* over the interval [a,b]; 
the value of the integral is denoted by Xtdt and it verifies 

= {{XtW))dt 
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for all ip G (S'). Let r > 0; a Hida distribution X will said to be Jv-measurable if 

{SX)U + g) = {SX)U) (2.3) 

for all f,g E S such that the support of g in contained in [0,r]'^ ([!!)• Finally, for 
X,Y E {Sy we write X oY for the unique element in (S)* such that 

{{XoY,S{f))) = {{X,S{f)))-{{Y,S{f))), 

for all f E S. The quantity X o y is named Wick product of X and Y. 

3 A renormalized product 

The following dehnition introduces the main tool utilized in the investigation pre¬ 
sented in this paper. 

Definition 3.1 Let p : M. ^ M. be a bounded function and let X belong to {S-p) C (S')* 
for some p > 0. We define 

Pp{x)-.= r{An{p{r{A-nx)). (3.1) 

The idea behind this dehnition is clear: we take a Hida distribution X; by construction 
there exists a p > 0 such that X G (S'_p) that means V{A~yX E (T^); now we apply 
the nonlinear function p to r(H“^)X, viewed as a smooth approximation of X and then 
we ’’remove” the regularization by applying r(H^). Observe that here we cannot remove 
the regularization by taking the limit as p tends to zero of p{r{A~P)X) since it wouldn’t 
exists without some other renormalization. 

The dehnition of Pp{X) does indeed depend on p, as it is stressed in the notation. 
Since (S'_p) C (S'_q) for p < g we could have chosen a bigger value of the parameter 
and obtain a diherent renormalized object. The point is however to prefer the smallest 
possible exponent in r(H“^)X in order to preserve X as much as possible. If for instance 
X G (T^), we do not need to perform any approximation and we can simply take p = 0 
and get the usual <p(X). 

The assumption of boundedness on p in Dehnition 13.11 can be clearly relaxed for specihc 
choices of X. In general, the quantity Pp{X) belongs to {S-p), the same space of X. 

Definition 3.2 Let X,Y E {S-q) C (S')* for some q > 0.' then for any p > q we set 

x*pY := r(A^’)(r(H-p)x■ r(H-^’)y). (3.2) 

Remark 3.3 If X E (S_q) then T{A~yX belongs to {LL) for some r > 2. In fact 

T{A-yx = r(H-p+'')r(H-'^)X; 

by definition V{A~yX E {If); moreover, be the Nelson hyper-contractive estimate (f2^) 
the operator r(H“^+^) maps (L^) into a smaller (L”) for some r > 2. This is necessary 
to guarantee that the product T{A~^)X ■ r{A~P)Y belongs to (L“) for some u> 1. 

The product dehned in fl3.2|) is commutative, associative and distributive with respect 
to the sum. It was introduced in a slightly diherent form in [1] in connection to Wong- 
Zakai approximation theorems and utilized subsequently in [5] in the study of certain 
generalizations of the Poincare inequality. It is instructive to observe (see m) that 

lim x*„y = xoy in {sy. 

p—^-\-oo 

Therefore the product -kp is collocated between the ordinary product (when p = 0) and 
the Wick product (when p = -|-cxo). 
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4 Ito-type formula for the quadratic white noise process 

In this section we are going to prove a chain-rule formula for the object of our 
investigation, i.e. W^'^ds. We begin with the following technical lemma. 

Lemma 4.1 For p > ^ the function t ^ is continuous. For p > 1 the process 

{V{A~^)Wt}t>'a is almost surely continuous. 

Proof. Let t > 0; then 6t G S' and we can write 

k>0 

Then 

k>0 

and hence 

k>0 

Since sup^g^^ |^fc(^)| = 1 (0) previous series is uniformly convergent for 

p > I entailing the continuity of the function 1 1 —)■ \A~P6t\l. 

Now consider 


Wt = j2ut)h{Ck). 

k>0 

Since 

T(A-<')W, = E ('= + 

fc >0 


and the are independent and identical distributed random variables, we deduce 

that for p > 1 the last series is almost surely uniformly convergent and hence the process 
{V{A~P)Wt}t>o is almost surely continuous. I 

Observe that for t > 0 and p > | we have 



f \\{T{A-nwsr%ds 

Jo 

[ WhiA-^d^nods 

Jo 

Jo 

[\2{\A-^S.\iy)hs 

Jo 

\/2 f \A-P6s\lds 

Jo 
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= 


n>0 



k>0 


where the last series is convergent. 


Definition 4.2 For each t > 0 the process 


1 1 —y Xi 


I 


Wfds 


is an element of (S)*. We will refer to it as the qnadratic white noise process. 
Note that, since 



we dednce from the previons lemma that the fnnction t —)■ r{A~^)Xt is almost surely 
differentiable for p > 1. 

The next theorem is the main result of the present section. Its proof makes use of several 
formulas relating the Malliavin derivative D, translation operator T and Wick product 
o; the books PI, PI and PI are excellent references for the definition and properties 
of those operators as well as for the formulas just mentioned. 

Theorem 4.3 Let p G C'^(M) be such that for each i G {0,1, 2, 3}, has at most 
polynomial growth at infinity. Then for any p > 1 one has 



I 



I 


■S 





+4 


Kp{r, s)dBr ] o Wgds + 



is a shorthand notation for Kp{r, s)dBr *p fg Xp(r, s)dBr. 


Proof. We start applying the S'-transform; for / G S' one has 




= E[.f{r(A-’‘)x,)e{A<'f)] 

= ElT„f^(r{A-<’)Xt)] 

= EMTAr,r(A-^)Xt)] 



El:p{T{A-nT,X,)]. 


Here we utilized the Girsanov theorem and a commutation relation between the trans¬ 
lation operator T and the operator Now observe that 

TfXt= [\ws + f{s)y^ds= fwfds + 2 fwj{s)ds+ f f\s)ds 
Jo Jo Jo Jo 

and 

V{A-^)W,- f{s)ds+ f f\s)ds. 

Jo 

To ease the notation, write W[ for therefore 


V{A-P)TfXt= / iV{A-P)Wsrds + 2 


(fe(X,),£(/)» = E[ip{T(A-<’)T,X,)] 

= E[^{j onr'ds + 2 j w;-f(s)ds A 

To fnrther facilitate the writing of the next calculation we also set 
>^t:= f\w!r^ds + 2 ['w!-f{s)ds+ f f{s)ds. 



We now apply the usnal chain rnle (the discussion preceding the statement of the theorem 
gnarantees the differentiability of Yt while the assnmptions on ip allow us to differentiate 
inside the expected valne) to obtain 


),£(/)}} 


where 


JtEMY,)] 

ElA'(Y,)((Hfp + 2»7 . f(t) + fm 
Elv'(Yt){WnP + 2Elv'{Y)Wn ■ f(t) + Ey(Y,)]f(t) 
A + B + C, 


A := E[^'(Y)(WnP 
8 := 2E|sj'(y,X] ./(i) 
C := X'«)l •/"(«). 


Recalling that Yt = T{A ^)TfXt we can write 

A = EiA'iYHKr"] 

= E\A'{r{A-’)T,XMWl’P] 

= EiT^,Yv'mA-nx,)) ■ ovrf] 

= E[e'(T(A-’’)Xt) ■ Hwn^^oeiA-f))]. 


We now integrate twice by parts to obtain 


A = £|^'(rX)X,)-((VU)°"o£(X))l 
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that means 


= E[Dj,{^\T{A-nX,))-S{A^f)] 

= ((r(A^)D|.(^'(r(A-^)x,)),£:(/))) 


^=(5r(yi^)D|(^'(r(A-^)x,)))(/). 

Moreover, by simple direct calculations we get 

Dj,{^\T{A-nX,)) = Ds.{Ds.{ip\T{A-nX,))) 

= Dspicp''iTiA-nXt)-Ds^T{A-nXt) 

= ip"'{T{A-P)Xt) ■ {DspT{A-P)Xtf + ^”{T{A-P)Xt) ■ Dlf{A-P)Xt, 

as well as 

Di;r(A-’-)x, = £>ii.( /Vu)”"*) 

= 2 f W;oDs,W;ds 
Jo 

= 2 f w;-{S^.,6f)d.s 

Jo 

= 2T{A-P)(^j^ Kp{s,t)dBs'^, 

and 

Djf{A-P)Xt = W!Kp{s,t)ds') 

= 2 / K^{s,t)ds. 

Jo 

Plugging all the preceding quantities together we deduce 

T(A^)Dl,y{T(A-’')X,)) = r(A>’)(^"'(r(A-»)A',). (2r(2l->') f A',(s,i)dB,)") 

+r(A'’) [^/{T{A-^)X,) ■ 2 r Klis, t)ds) 


Similarly for the second term, 


★ 7)2 


K^{s, t)dBs + 299 "(Xi) • / KHs, t)ds. 


B = 2Ey{Y0W^]-m 

= 2E[T„,{^-{T(A-^)Xt))W?\ ■ f{t) 

= 2E[v'(T(A-’>)Xt) ■ «of(2l>’/))] . /(i) 

= 2E[D,,{^-{T(A-^)X0) ■ e(A^f)\ ■ f{t) 

= 2{{T(A’’)Dg,(^'(ViA-<-)X,)),e(m . /((). 
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That means 


B = 2iSTiAnDsAip’iTiA-P)X,)) o m)(/); 


moreover 


2T{AP)Dsf{ip'{T{A-P)Xt))oWt = 2T{AP){ip"{T{A-P)Xt)DsfT{A-P)Xt) oWt 


= AT{AP)[ip>\T{A-P)Xt)-T{A-P) f Kp{s,t)dB,'^ oWt 


The third term is simply 


Finally, we can write 


= 4 (p"' / Kp{s,t)dBA)oWt. 


C = {S^'JX,)oWn{f)- 


d 


£(/))) = ^(o) + |-((^,(x,),^(/)))d. 
= f ( 0 ) + f ^^E[^{Y,)]ds 


= <p(0) + J A + B + Cds 

= ifiO) + ((4^'(X,) K,{r, s)dBry"\ S{f) ) }ds 

+ £ ((4(^'(X,) K,{r, s)dBr) ) o S{f) ) )ds 

+ [\mX,)oWf,S{f)))ds. 


This completes the proof. 


Example 4.4 Choose ip(x) = x'^ ; then from the previous theorem we get 

pt PS pt PS pt 


X*C ^ 4 



'0 Jo 


Kp{r, s)drds + S j j Kp{r, s)dBrdBs + 2 j o 


'0 Jo 
rt rs 


dXs 
0 ds 


Kp{r, s)drds + 8 / / Kp{r, s)dBrdBs + X-^ 


o2 

t 


0 JO 


or equivalently 


XfC_xf = 4/ j Kl 


t pS pt PS 

Kp{r, s)drds + 8 / / Kp{r, s)dBrdBs 


'0 JO JO JO 

Sinee the right hand side of the last formula is a smooth random variable, we deduce 

★ ti2 


that the singular part of coincides with 
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5 Stochastic differential equations driven by the quadratic white 
noise process 

In this section we want to study stochastic differential equations driven by the 
quadratic white noise process. We will focus our attention on equations of the form 

+ t>0 yo = xeM (5.1) 

where p is a fixed positive real number, x G M and 6 : M —)■ M is a measurable function. 
First of all we define what we mean by solving equation fl5.1l) . 

Definition 5.1 Given T > 0 the process {Yt}o<t<T is a solution (up to time T) to 
equation 15.11) if the following conditions are satisfied: 

• For any t < T we have Yt G {S_p) 

• The processes 

s ^ bp{Y,) and s ^ W VFf 
are Pettis integrable in (S)* over the interval [0, t] for any t < T. 

• For any ip G (S) and t G [0, T[ the following identity holds 

{{Yt,p)) = (^(^x + bp{Ys)ds + J^ (5.2) 


• The process {F)}o<t<T is {J^t}o<t<T-adapted. 

The following is the main theorem of the present section. 

Theorem 5.2 Let p > 1 and 5 : M ^ R &e globally Lipschitz continuous and with at 
most linear growth at infinity, i.e. 

\b{x) — b{y)\ < C\x — y\ and |5(x)| < (7(1 + |x|) 

for some positive constant C and all x, p G R. Then equation 15.1|) has a unique solution 
up to time T = (dsup^g®^ 

Proof. We begin with the problem of existence of a solution. Let {Vf}t>Q be the 
unique solution of the following random differential equation 

dV^ 

^ = b{Vrexp{C!}) exp{-Cf}, 1 > 0 1^" = x G R (5.3) 

where we set := J^iW^y^dr and Wf := T{A~yWr. (Recall that by Lemma ITT] 
the function s ^ is differentiable; this fact, together with the assumptions on 6, 
guarantees the existence of a unique solution to equation fl5.3p L Dehne 

r* := r(7l^)(exp{Cf} • Vf); 
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we want to prove that {li}t>o is a solution to fl5.ll) according to Definition 15. II 
First of all, by definition Yt G {S_p) if and only if exp{Cf}V^^ G (F^). To prove this, 
observe that from fl5.3l) we have 


m < \x\+ \b{vrexp{cn)\exp{-cnds 

Jo 

< 1x1+/ C{l + \vnexp{cn)exp{-cnds 


= \x\ + C exp{-C^}ds + C \VP\ds. 


Hence by the Gronwall inequality we get 


|H/| < h{t) + C / h{s)e^d-s)^g 


(5.4) 


where we set, for notational convenience, h{t) := |x| + C exp{—jds. On the other 
hand, since 

cr = [\w^rdT 

Jo 

= [\wn^-\6Xdr 


we can bound as 


exp{-Cf} = exp { - ^ {W^Ydr + ^ \SP\ldr 


< exp 


\5%dr}. 


This last estimate yields that 


\6^\ldr\ds 


h{t) < |x| + (7 / exp 


and hence from inequality fl5.4p the boundedness of Vf as a function of a; G D. Therefore, 
Yt G {S-p) if and only if exp{Cf} G (T^). As it is stated in the following lemma, this is 
true for small enough t. 

Lemma 5.3 Let q >1. If t < (2g sup^g]g_|_ then exp{Cf} G (T*^). 

Proof. We use the Jensen inequality for the exponential function and the normal¬ 
ized Lebesgue measure: 


F;[| exp{Ci}|'^] = E explq (Wffdr-q IS^lldr 


< E 


explg / {Wffdr 
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= E 


< E 


exp < qt ■ 


{WPfdr 


-f 

t Jo 


exp{qt ■ {WP^jdr 


'0 




t _ 
1 


£;[exp{gt • {WPy}]dr 


expiqty"^} 



' 2 ^ 


V^27r|^ 


0 dydr 



'0 




'r 10 


y^ f 1 
exp i - — 


rJo 


2qt^ ^dydr 


and the last inner integral is finite if t < 2 q\l^\‘^ ^ The condition 

t < (2gsnp^g]ii^ is therefore snfficient for the inner integral to be finite and 

the continnity of r 1 —)■ |5^|q implies also the finiteness of the other integral. I 

Therefore with the help of the previous lemma we deduce that Yt G {S-p) if t < T := 

(4sup^gK+ 

We now prove that for any t < T, the process s 1 —)■ hp{Ys) is Pettis integrable over the 
interval [0,t]. Observe that 

hp{Y,) = T{AP)b{T{A-P)Ys) 

= r(A^)KK"exp{cr}). 

Therefore for any n > 0, z G C and / G S', 

f \{Sr{Anb{VJ>exp{C!})){^f)\ds = f \{Sb{Vrexp{C!})){zAPf)\ds 


< 


'0 

izY\AP+-f\l 


< e—/ ||6(y/exp{C})||ods 

Jo 

< [\ + \\VPexp{Cn\\ods 
Jo 

< sup |V/|||i», /‘llexplCnilocis 

^ sG[0,t] Jo 

From dElD we get that sup^^jo,*] IIK^II( is finite; for the integral we can write 


exp{Cr}||oC?s = / i?[exp{2Cf}]5ds 


< 


E 


exp (2 / (W^fdr 


ds 


< tE 


exp 12 / {WPfdr 


and the last expected value is finite by Lemma [5.31 

Now we prove that the process s ^ Yg-kp is Pettis integrable. By definition 
YgkpWf = P(A?’)(P(A-P)W-P(/l-?’)hFf) 
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= r(A^)(y/exp{cf}-(w^rr). 

Hence for any n > 0, 2 ; G C and / G S', 

r |(Sr(H^)(exp{Cf}H/’ • {Wn^^)){zf)\ds = f |(Sexp{C}K" • {W^,r){zA^ f)\ds 
Jo Jo 


< 

f\\exp{cnvr-mr\ 

Jo 


< 

^i^iAP+vig g^p ||v;p||(^oo) 

r||exp{Cn-(VF.TloC^5 


se[oj] 

Jo 

< 

^U_|AJ >+“/|2 ||V 7 ||(I,oo) 



ss[0,t] 


• f\\exp{Cn\\iL^+ey\\{Wn^\,.)ds 
Jo 

where e > 0 and g > 2 is snch that | ^ ^ (here we ntilized the Holder ineqnality). 

Since has a hnite chaos expansion, by the Nelson’s hyper-contractive estimate 

m) we can bonnd its norm as 

\\{w!r%L.) < 

where the constant K depends only on g; moreover ||(hFf)*^||(L 2 ) is a continnous fnnction 
of s (since p > 1). The term || exp{^f}||( 2 , 2 + 6 ) can be treated as before with the help of 
Lemma [5.31 All these facts provide the hniteness of the qnantity 

ri|exp{Cf}||(L2+e)-||(lHfn(^.)ds 

Jo 

and hence the bound 

f |(Sr(AP)(exp{Cf}Hi’ • {WPyY)izf)\ds < 

Jo 

We now verify equation fl5.2p . For all p G (S) and t < T we have 


({Y„^)) = {{r(+'')(v;''exp{cr}),^)) 

= ((v;'’exp{cr},r(/i’’)v>» 

7 

^(V',’'exp{C’'})<i+r(+!>)v)) 



/» ^ 

= ((a; + b{T{A-YYs) + T{A-P)Ys-{Wn"^ds,T{AY^)) 


' ' Jo Jo ' ' 

(Here we utilized equation (15.3^ : moreover the interchange between the unbounded op¬ 
erator r(A^) and the integral is allowed by the Pettis integrability proved before) 
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To conclude the proof we need to check the adaptedness of the process {Yt}t&[o^T[- To 
do that we compute the S'-transform of the solution at time t G [0,T[, i.e. {SYt){f), 
and show that {SYt){f + g) = {SYt){f) for all f,gES such that the support of g in 
contained in [0, tY- We have 


(SYYif) 


mAn{vrexp{c!}),sim 

{{Vrexp{C!YS{A^m 

E[vrexp{Cf}-S{APf)] 


E[TA.f{Vrexp{(:?})] 

E[TA.fVr • exp{TA.fCm 

TA.fVr-exp{ [ iW^y^ds + 2 




f{s)ds + 




where in the last equality we utilized the following 


TA.fWP = TAPf / {A-P6Y{r)dBr 


iA-PSs){r){dBr + {APf){r)dr) 


{A-P6Y{r)dBr+ / (kl-%)(r)(klV)(r)dr 


= W^ + f{s). 


It is clear that the exponential appearing in fl5.5l) remains unchanged if add to / a 
function g that is identically zero on the interval [0, t]. Let us see if the same is true for 
the term Tap/V^ appearing in fl5.5|) : recall that {Vf}t£[o,T[ solves 

VY = x+ f b{VYexp{Cn) exp{-C}ds. 

Jo 

Apply Tap / to both sides of the equation above to get 

TAPfVr = x+ f hiTAPfV! ■ Tapj exp{Cn)TApf exp{-Cf }ds; (5.6) 

Jo 

if we now replace in equation fl5.6l) the function / with f + g where the support of g is 
contained in [0, tY, then by the above mentioned invariance of the exponential appearing 
in that equation we obtain 

= X + f‘HTA,(,+,)Vr ■ TA,,eAp{i;;})TA,,exp{-(nds. (57) 

Jo 

From fl5.6l) and fl5.7l) we deduce that TApfVY and TAp(f+g)VY solve the same equation. 
From uniqueness of the solution we deduce that TApfVY = TAp{f+g)VY and hence that 
{SYY{f + g) = {SYY{f). 
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We now prove uniqueness. Assume that {yt}tg[o,r[ is a solution to equation fIS.ip . Then 
applying the bounded operator r(A“P) we get 




or equivalently 


x+ / bp{Ys)ds+ / Ysi<pW:^ds,T{A-P)ip 


(x+ j b{V{A-P)Y,)ds+ f T{A-P)Y,-T{A-P)Wfds,ip)) 


Zt = x+ / b{Zs)ds + Zs- T{A-P)Wfds in {Sy 


(5.8) 


where we set Zt := T{A~P)Yt. Observe that equation fl5.8l) is a random differential 
equation with a unique solution and therefore any other solution to fl5.1l) is mapped 
by r(A“^) to the same Z^. This fact, together with the injectivity of r(A“^), implies 
uniqueness of the solution to (15.11) . I 


Remark 5.4 One may wonder whether a similar approach can he utilized to solve equa¬ 
tions of the form 


Yt 


X + 


bp{Ys)ds + 


Ys '^p U gds^ 


t > 0 


where {t/s}s>o belongs to a more general class of processes taking values in the space {S)*. 
It is clear from the proof of the previous theorem that only minor generalizations can 
be considered in this framework; more precisely, when we prove existence of a solution 
in the space {S)*, we have to deal with the problem of checking if the exponential of 
our smoothed driving noise is square integrable (see Lemma 1375]) . If this noise would 
have non zero components in Wiener chaoses of order greater than two, then the square 
integrability of that exponential would simply fail to be true. From this point of view our 
driving noise is already a border line case since the solution exists locally in time (due 
to the restriction imposed by the square integrability requirement). 


Remark 5.5 The quantity (dsup^g^^ which is an upper hound of the life time 

of the solution, is increasing with p, which is the degree of regularization introduced to 
define the non linearity b. In fact, if p is big then \Sp\ 1 is small and hence we can solve 
the equation up to late times. 


Remark 5.6 Looking through the proof of the previous theorem one can see that the 
solution {T)}o<t<T to equation h5.1\) is obtained as Yt = T{AP)Zt where {Zt}o<t<T is the 
unique solution to 

^ = b{Zt) + Zt ■ r{A-P)Wfy (5.9) 

The last equation corresponds to the smoothed version (regularization of the noise) of 

dZ 

= b{Zt) + Zt • w;y (5.10) 
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This explains that the procedure utilized in this paper to renormalize and solve equation 
li5.10[) amounts at: smoothing the noise in li5.1C\) by applying r(y4“^), solving the regu¬ 
larized equation 115. .91) and removing the regularization by applying r(v4^) to the solution 
to kS.tA) . 

Example 5.7 We now want to study in some detail the linear ease. Consider the equa¬ 
tion 

Yt = l+ [ Ysds + [ y, Wfds. 

Jo Jo 

The unique solution to this equation is given by 

Y, = T{A'‘)expi^t + 

= T(A-‘)eyip[t+ j\wrf-\6Xd!i] 

= exp {( - r exp { 

where we utilized as before the notation Wf := V{A~p)Ws. We want to prove that for any 
t E [0, T[ the quantity Yt is a positive Hida distribution. Observe that the unboundedness 
of the operator r(v4^) does not guarantee in general the preservation of the positivity of 
the exponential which is applied to. To prove the desired property we need to show that 
the function 


feS^(SY,)(if)exp[-dl] (5.11) 

is positive definite, i.e. for any zi,..,Zn G C and fi,...,fn G S the following inequality 
must be true: 


^ ZjiSYt){ifj - ifi) exp | - 


^zi > 0 

- - i, 2 j 

j,i=i 

where i denotes the imaginary unit and ~ stands for complex conjugation. First of all, 
observe that 


{SY,){f) = E exp\t- |5^|2d4exp| / (Wf + f{s)fds 


= expjt-y \d^s\ods + J f{s)dsjE^exp\ j {Wffds+ / Wff{s)ds 
and hence that 


{SYt){if) exp I - ^} = exp ^ \d^s\lds - f{s)ds 


\f\l 


■E 


exp 


{Wffds + t Wff{s)ds 
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Recall that a product of positive definite functions is positive definite; moreover, 


exp 


f{s)ds \ = E expli f{s)dB, 


and 




exp / / {s)ds > = E expii f{,s)dB, 


^ + CXD 


hence they are both positive definite. The term exp{t — is positive and it does 

not depend on f. Therefore, to prove the positive definiteness of h5.11\) it remains to 
verify that condition for 


E 


But this is easily done; in fact. 


exp I / {Wffds + i / Wff{s)ds 


Zl 


J2z,e exp / (w;fd8 + i / w;u,(8) - m)d8 
U=i ^ ^ Jo Jo 

^ZjE\exp\ f {Wffds]expU [ Wfffis)ds] exp \ -z I Wffi{s)ds 


j,i=i 


Zl 


= E 

> 0 . 


exp I j\wtfds)\ ^ exp {* J‘ W;f,(s)ds} 


2 l 


One can prove in the same way that the process {li}o<t<T is actually strongly positive, a 
notion introduced in fMBf (more stringent than positivity for Hida distributions) to treat 
problems about positivity of Wick products and related to measures of convolution type 
and Poincare inegualities (see m and m)- 


6 Renormalization for distributions from the first Wiener chaos 


In this section we are going to investigate the properties of fip{X) in the particular 
case where X belongs for the hrst Wiener chaos, i.e. when X can be written as Iifihi) 
for some hi G 5'_p and p > 0. To this aim we recall that for a given real analytic function 
: R —)■ M, fj{x) = X]n>o and an element X G (S')* we can dehne 

r{X) ■.= Y,anX^" 

n>0 


where := X o • • • o X (n-times), provided the above series converges in (S')*. If 
for instance we take fi{x) = exp{x} and X = Ifiki) for some hi G £^(R+) then we get 
exp^{/i(/ii)} = £{hi). 

Let {Pt}t>o denotes the one dimensional heat semigroup, i.e. for f > 0 and a: G R, 





{X - yf 

2t 
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Then for any bounded 99 : M —)• M and f > 0 the function x t—)■ [Ptip)[x) is real analytic. 
Moreover, 


fn 

E\^{X{t) f] = ^ -((P,v>)(">(0))= (6.1) 

n>0 ' ■ 

where X{t) is a Gaussian random variable with mean zero and variance t (see [2]). 

Proposition 6.1 Let hi G S-p for some p > 0; then for any bounded function (^ : M —)• 
M one has 




Proof. By dehnition 

^p{h{hi)) 


T{An{^{T{A-nh{hi))) 

TiAm^ihiA-^hi))). 


We now apply the S'-transform to obtain 


{sf>p{ii{himf) 


{snAnwi{A-^hi)mf) 
{SipihiA-PhimA^f) 
E[if{Ii{A-Phi))S{APf)] 
E[ip{Ii{A-Phi) + {A-Phi,APf))] 
E[ip{Ii{A-^hi) + {hi,f))] 


where in the fourth equality we applied the Girsanov theorem. Observe that we can 
write the last term as 


£[»>(/,(yl-'A,) + (hi,/))] = (rA-.k,lf){{huf))- 

On the other hand, since the function x 1 —)■ (P/(p)(x) is analytic for any f > 0 (by the 
discussion above), one has for any f E S the identity 

= (s(hl.l-./..P»>)°(/i(hi)))(/). 

We can then conclude that 

(S/,(/,(hi)))(/) = (s(fl. 4 -«.p»>)”(/i(h,)))(/) 

for any f E S. The injectivity of the S'-transform completes the proof. I 


Remark 6.2 Observe that, if in the previous proposition we assume hi E £^(M+), then 
we can choose p = 0 and obtain 

<p(Ii(h,)) = (/li.p^)”(/i(ft.,)). 

This equality has been already proved in m- 
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It is interesting to measure how much <^p(X) differs from 93 (X) when there is no need 
of renormalization in the nonlinear function y?, i.e. when X belongs to (-h^). The next 
theorem provides a result in this direction for X being an element in the first Wiener 
chaos. 

Theorem 6.3 Assume that y? : M —)■ M is twice continuously differentiable with bounded 
derivatives, hi G and p > 0. Then 

\fi |2 _ I A~Ph P 

\\ip{Ii{hi)) - ipp{Ii{hi))\\-p < Csup \p'\x)\ ■ ^ ( 6 . 2 ) 

xeK ^ 

where C is a positive constant depending only on p and hi. 


Proof. According to the previous proposition and remark we can write 


n>0 


n\ 


n\ 


n\"'l 


n>0 


Now, according to Lagrange Theorem there exists r g]|A ^hi|g, |/ii|g[ such that 


hence 


= -{PrTT\0){\hi\l -\A-^hi\l)- 


Ah(M))-MWhV) = ^ 

nl 


n>0 




E 

n>0 


nl 


'nV'n 


We now compute the || ■ ||_p-norm to get 
||v3(/i(hi)) - Ppihihi) 


{\h 

0 to 

1 

1 

“e 

.|§)^(PV')'">(0) 

■p 

^ (1^1 

2 

\l-\A-^hi\ 

\l) y. \(Prr'Y"\0)\ 

(1^1 

2 

0 ~ \^~^hi\ 

i§) ^ m-p'T'm 

(1^1 

2 

\l-\A-^hi\ 

n\ 

n>0 

IS) ^ |(P.».")'”>(0)I 


nV'^l 


-P 


nV'l >\\-p 


n>0 


\/ri}. 


blo 


< 


(|/ii|o - \A ^hi\l) ( |(P,-93")("^)(0)|^\ 2 


E 

n>0 


r 


nl 


E 

n>0 


\A-Phi\^f^ 


r'- 
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Since t > \A the last series is convergent to a constant C depending on p and hi] 
moreover, from equation fl6.1ll we can write 



n>0 


where 1" is a Gaussian random variable with mean zero and variance r. Therefore, 



q-n 


I 
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